We analyze the unitary time evolution of a conduction electron, described by a two-level system, interacting with two-level impurities through a Kondo interaction and prove that coherent spin states of the conduction electron are obtained in the strong coupling regime, when the number of the impurities is taken to be, formally, infinitely large (thermodynamic limit). Coherent spin states are the analogous of coherent states of the radiation field representing classical fields. Dephasing is proved to occur as the conduction electron flops between the two states with frequency going to infinity in the thermodynamic limit, that is, increasing the number of impurities. Then, it is shown that the only meaning that can be attached to such oscillations with infinite frequency is by an average in time. This means that the off-diagonal terms of the density matrix are washed out and the conduction electron can be localized in one of the two states with probability 1 2 . This model is in agreement with a recent proposal of appearance of classical states in quantum mechanics due to the large number of components of a quantum system, if properly prepared for the states of each component part. The strong coupling study of the model is accomplished through the principle of duality as recently introduced in perturbation theory [M.Frasca, Phys. Rev. A 58, 3439 (1998)].
I. INTRODUCTION
Recent experiments have shown that decoherence at zero temperature can happen in mesoscopic devices as quantum dots and nanowires [1] . Indeed, standard Landau's theory of Fermi liquids disagrees with such findings and rather agrees with the point of view that, missing any possible exchange of energy between a system and a reservoir, no decoherence should appear at T = 0 and any dephasing time τ φ should go to infinity as the temperature goes to zero. Experimentally, it is observed that such a time saturates at well defined values rather than to go to infinity as the temperature decreases.
Several attempts to explain such a disagreement between theory and experiment have been put forward. An approach due to Büttiker at al. [2] explains the dephasing as an effect of zero-point fluctuations being these the only residual of a quantum system at zero temperature. In Ref. [3, 4] has been proposed to consider the effect of two-level tunneling systems (TLS), representing the impurities in the system, as the cause of dephasing: Recent computation by Mohanty et al. and Altshuler et al. [5] have shown that the density of impurities needed to have the right order of magnitude for the dephasing time is larger than what is found in mesoscopic devices. In the same line of considering TLS as the origin of dephasing, it has been proposed that a two-channel Kondo interaction [4] can be the reason of the saturation. A critical point in this proposal is the value of the Kondo temperature. An evaluation of the Kondo temperature in mesoscopic systems has been given in [6] .
The aim of this paper is to give an analysis of a model in the strong coupling regime for TLSs coupled to a conduction electron, and prove that the dephasing is just a property of the unitary evolution of the model in the "thermodynamic limit" where the number of the TLS is formally taken to be increasingly large. This is in agreement with a recent proposal for decoherence as originating from unitary evolution of N quantum systems with N becoming increasingly large [7] . The main point of this approach is that it depends on the way the system is prepared. When quantum fluctuations can be neglected with respect to the mean values then, by the Ehrenfest theorem the system follows the classical equations of motion without no significant deviation.
We will show that, modelling the conduction electron by a two-level system, with a Kondo term in the strong coupling regime for the interaction with TLSs coming from the impurities, the above scheme for decoherence applies and the correlators for the conduction electron go to zero in the thermodynamic limit, that is, increasing the number of impurities without bound. It is interesting to point out that we are considering the case of strong coupling where small perturbation theory does not apply contrarily at the analysis of Mohanty et al. [5] . What we will prove is that the conduction electron evolves in time as a coherent spin state (CSS) [8, 9] , that is, a state having mean values following the classical equations of motion and the uncertainty product at the minimum. These states are SU (2) analogous to the coherent states describing a laser field that derives from bosonic operators. What we will show is that the conduction electron, being in the ground state, evolves in time with a coherent spin state when the number of impurities is taken to become very large [9] . The electron flops between the two states it can access with frequency going to infinity in this limit (thermodynamic limit). A system having a time-scale going to zero or, that is the same, an infinite frequency of oscillations can have physical meaning only if it is averaged in time as we will prove.
In order to study this model in the strong coupling regime we apply the dual Dyson series [12] . This approach has been pioneered in some works by Bender et al. [13] in quantum field theory. These results can be framed in the general formulation given in Ref. [12] that permits to prove the main assert of this paper.
II. A MODEL FOR THE CONDUCTION ELECTRON IN A MESOSCOPIC DEVICE
To describe a mesoscopic device we assume that the conduction electron can be described by a two-level model. This approach has been used e.g. by Büttiker [2] to represent an electron in a ring with a Böhm-Ahranov flux with a quantum dot embedded. The electron tunnels between the ring and the dot and then, it can be represented by the model (here and in the followinḡ h = 1)
being ǫ 0 the energy difference between two levels, ∆ the tunneling frequency of the conduction electron and σ x , σ z the Pauli matrices. This Hamiltonian can be diagonalized and put in the form
being
the energy of the ground and the excited states. A two-level approximation proves to be a good one also for the study of Kondo models [6, 10] . Besides, devices for representing qubit have also been devised in Ref. [11] . To fix the ideas we assume that we are treating the electron spin but, any other property that can be characterized by two eigenvalues can be used for the following analysis. In the same way one can write the Hamiltonian of TLSs representing impurities. These are supposed to be atoms tunneling through two possibile positions in a potential. So, we write down the Hamiltonian for N free TLSs as
being τ xi ,τ zi the Pauli matrices for the i-th TLS, ∆ xi the separation between the two levels and ∆ zi the spontaneous rate of transition. Being randomly distributed, it is assumed that a distribution exists for the impurities. Finally, we hypothesize that the TLSs and a conduction electron interact through an anisotropic Kondo term, that is [10] 
being V x ,V y and V z the couplings. It has been shown in [6, 10] that the only relevant term is
being J = V x . This kind of approximation is used e.g. in Josephson-junction devices [11, 14] where tunneling is the main effect. Dephasing by TLSs has been suggested also in this case [15] . So, finally, we write the Hamiltonian that we want to analyze as
We will assume that the interaction and the electronic terms will prevail on the TLS Hamiltonian. Besides, the initial state of TLSs can be cast in the form
with τ xi |λ i = λ i |λ i , being λ i = ±1 and also
Our aim will be the study of this model in the strong coupling regime, that is, when the interaction term is larger than the TLS Hamiltonian as is the term of the conduction electron. This is the crucial approximation we take in this paper.
III. DUALITY IN PERTURBATION THEORY
The concept of duality in perturbation theory has been introduced in Ref. [12] . This idea embodies the pioneering work done by Bender at al. [13] in quantum field theory where the kinetic term is taken as a perturbation and use is made of path integral formalism.
This approach can be easily formalized by considering the Schrödinger equation
being λ a parameter, and H 0 and V indicate two parts by which the original Hamiltonian has been split. Our aim is to use the freedom in the choice of the two parts to obtain two different perturbation series. Indeed, if λ → 0 one obtains the Dyson series
being T the time ordering operator and
having assumed both H 0 and V time independent.
For λ → ∞, we rescale time as τ = λt so that eq.(10) becomes
and so, by this rescaling, we have reverted the role of H 0 and V giving a Dyson series with the development parameter
being now
This perturbation series is dual to the series eq.(11) being its development parameter 1 λ that is the inverse of the one of the series eq. (11) . But this has been obtained by a symmetry of the original Hamiltonian where one part or the other can be chosen arbitrarily: This is duality in perturbation theory. Indeed, a series can be obtained from the other by the interchange H 0 ↔ V , setting λ = 1.
It is quite easy to recover the result of Bender et al. [13] by taking for V the kinetic term of a λφ 4 theory.
It is interesting to point out here that some condition on the boundedness of the domains of the operators H 0 and V should be extended from the Dyson series to its dual as some of the most important operators in quantum mechanics are unbounded. In the following this problem will be of no concern as our operators act on a finite dimensional Hilbert space.
IV. CLASSICAL STATES BY UNITARY EVOLUTION
The main result we present here, based on the results of Ref. [7] , is that, N TLSs, in the thermodynamic limit, understood as the formal limit N → ∞, behaves, if their states are properly disordered, as a classical system and so, a two-level system interacting with such a bath undergoes decoherence [16] . The critical point is that the classical behavior of such N-TLSs system emerges or not depending on the way the system is prepared. The question pointed out in Ref. [7, 16] is that the most realistic situation is the one having the N-TLSs in the state
and
being σ zi the Pauli matrix for the i-th component of the N-TLSs. The Hamiltonian of the TLSs can be cast in the form
then, the system evolves in time as
It can be proven that [7] ∆H
and the quantum fluctuations are negligible in the thermodynamic limit. The same can be said for the spin components Σ x = N i=1 σ xi and Σ y = N i=1 σ yi that obeys the classical equations of motion by the Ehrenfest theorem
without any significant deviation due to quantum fluctuations. This is exactly the behavior of a coherent spin state [9] : quantum and classical dynamics coincide when the Hamiltonian is a linear combination of the generators of the symmetry group from which the coherent states originate and the system is found in the extremal state, to be defined later, or in a coherent state.
In both these cases, the evolution of the quantum system is described by a coherent state. It is important to emphasize that we have described an unitary evolution and no dissipative effect is really involved. Anyhow, it should be emphasized that taking the thermodynamic limit is a fundamental step in our approach.
V. COHERENT SPIN STATES
We limit our analysis to the case of a SU(2) group for a spin 1 2 particle whose generators can be set through the three Pauli matrices σ + , σ − and σ z having the algebra
Then, a coherent spin state can be defined as [8, 9 ]
2 the lower eigenstate of σ z said an extremal or ground state and ζ a complex number. If the Hamiltonian is built in such a way to be a linear combination of the generators of the SU(2) group, the time evolution of a coherent state gives again a coherent state. If the initial state is an extremal one, then the state evolves into a coherent state. In both these cases, there is no difference between classical and quantum dynamics [9] . What really we have done is just to rotate the extremal state on the plane x-y by an angle θ around the axis (sin φ, − cos φ, 0). This can be realized by setting ζ = , ζ = 1
This description of a spin 1 2 through a rotated state is a particular case of a more general concept that coherent spin states, to be similar to a bosonic coherent state of N particles, describe an assembly of N spin 1 2 particles. A simple way to generate a coherent spin state is given by a spin 1 2 particle in a constant magnetic field with Hamiltonian given by
that has a time evolution operator
being Ω = 
So, choosing
we realize that we have built a coherent spin state. It is important to note that in this case the extremal state is not an eigenstate of the Hamiltonian (29). Besides, these are minimum uncertainty states for the rotated components by an angle φ. That is, if we define
and being
σ y = sin φ sin(2θ) (36)
and finally
This means that the uncertainty relations become
For the special case of σ η and σ z these can be seen as classical commuting variables. To complete this section we give some disentanglement formulas.
The following relation is true [17] exp
where
For the particular case of λ ± = iθ and λ 3 = 0 one gets
VI. SOLUTION IN THE STRONG COUPLING REGIME
From the Hamiltonian (7) we can easily get the strong coupling expansion by taking
and the dual Dyson series is given by
that is, a really non trivial result already at the leading order. Firstly, let us evaluate the leading order result. By the disentanglement formula (46) we obtain immediately
being the operatorsΛ
We note that these operators are diagonal on the environment state and so we have to compute [18] Ū
that is, assuming e.g.
τ xi |χ 0 = −N |χ 0 , at the leading order
Instead, the first order term is given by
that is,
∆ xi , unbounded in the limit t → ∞. This terms can be resummed (see Ref. [19] ) to give an exponential correction to the leading order exp i N 2∆ x t . At the second order one has
To compute this term we note that
that is, (68) is a non normalized state orthogonal to |χ 0 . Then, after some algebra one gets 
The first term is just the second order term of the Taylor series that enters into the resummation of exp i N 2∆ x t and can be eliminated. If N ≫ 1 the second term can be evaluated. It gives
and again we obtain a secularity. This can be resummed as done for the other one but we do not pursue this aim here. Rather, we note that for consistency reasons we need to have
≪ 1, otherwise we miss convergence. This condition should be kept in the thermodynamic limit N → ∞ and realizes the feature of this strong coupling expansion at this order. It is interesting to note that the contribution Ω 0 of the conduction electron plays no role in the thermodynamic limit. Indeed, in such a case we havē
that using the relation σ x = σ + + σ − proves to be the operator generating a coherent spin state as given in eq. (26) 
where the order with which the limits are taken is important. These are proper constructions for the thermodynamic limit in this case and give 0 and 1 respectively so that, the evolution operator in the thermodynamic limit can be taken to be zero. This is the correct meaning to be attached physically to functions having time scales of variation going to 0 (instantaneous variation).
Indeed, whatever physical apparatus one uses to make measurements on such a system, unavoidably an average in time will be made that, in this case, gives zero. This conclusion is fundamental for the density matrix that, in this way, turns out to have the off-diagonal terms averaged to zero and the diagonal ones to 1 2 . This is decoherence, as promised, in the thermodynamic limit. For the sake of completeness, we report here the case of the density matrix. We have for the conduction electron in the ground state
that yields
Applying the above argument in the limit N → ∞ gives the required result.
From the above matrix elements we find a natural time scale for the model for N ≫ 1, that is τ 0 = π N J , that, as already said, goes to zero in the thermodynamic limit.
The analog situation for the bosonic case is discussed in Ref. [7] .
VII. DISCUSSION AND CONCLUSIONS
The above analysis shows that, in a strong coupling regime, if the number of impurities becomes increasingly large, one has firstly that the motion of the conduction electron enters into a coherent spin state flopping between the two states we have supposed it can access. Secondly, if the thermodynamic limit, as defined through the resummation technique of Abel, is taken then, the conduction electron is localized in one of the two states with probability 1 2 . So, the impurities act like a classical measurement apparatus erasing the interference terms of the density matrix that, in this way, takes a mixed form.
One may ask if such an approach can give an explanation to dephasing at zero temperature recently observed in mesoscopic devices [1] . Indeed, we have derived a time scale for the oscillations of the conduction electron, that is, the period τ 0 = πh N J (having restated the Planck constant). But this time should be the same of the saturated values experimentally observed, i.e. a few nanoseconds. This, in turn, means that N J ≈ k B T 0 being T 0 ≈ 0.1K the saturation temperature and so, the order of magnitude of energy is a few of µeV.
Another point to emphasize is that the model is critically dependent on the number of impurities. If this number can be made smaller the effect is even more negligible.
The most important conclusion is that in this paper we have given a consistent set of methods to approach the study of a model in the strong coupling regime where, in the thermodynamic limit, effects of decoherence may appear in the zero temperature case.
